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Let F be a set of uniformly bounded, real valued functions on [a, bJ and
S a non-empty family of real valued functions on [a, b]. If there exists an
s* E S such that

inf sup Ilf -sll =sup Ilf ~s*ll,
SES lEI-" lEI-"

then s* is called a best simultaneous approximation to F. This definition
was given by Diaz and McLaughlin [1]. They proved that best
simultaneous approximation of F is equivalent to best simultaneous
approximation of the two functions F+ and F- where

F+ = inf sup sup f(y)
(»O O,;lx-\,!<b lEI-"

and

F- = sup inf inf f(y).
(5)0 O~lx--yl<6IEF

In this note, using a different approach, we show that best simultaneous
approximation to F is equivalent to best simultaneous approximation of
the two functions sUPI EI-" f and infl EI-" f The same result is also obtained
for simultaneous approximation of F in the L I norm.

THEOREM 1. If s* E S is a best approximation to F then

supllf-s*11 = 111(supf + inff)/2-s*1 +(supf - inf f)/211. (1)
I E I-" IE f" I EI-" I EI-" IE F

We first prove the following Lemma.
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LEMMA I. Let A he a hounded set oj real numhers and r he any real
numher. Then

sup la - rl = 1(0: + tJ)/2 - rl + (0: ~ !n/2
aF A

where 0: = SUPUE A a and 13 = infUE A a.

Proot: It is sufficient to prove that

sup lal = 1(0: + tJ)/21 + (0: - !n/2.
(IE A

(2)

(3)

In fact, (2) follows by considering A - r instead of A.

Case I. If 0: + Ii > 0 then Y. > -13 = -inf"El a = supuc A (-a). Hence
SUpuEA lal =SUpuEA a=y.. It is clear that in this case the right-hand side of
(3) also equals 0:.

Case 2. If 'l.+13<0 then 'l.< -tJ= -inf"cAa=sup"EA(-a). Hence
SUpuEA lal =SUpuEA (-a)= -tJ. In this case the right side of(3) alsoequals
- Ii. Hence (3) holds.

Prooj oj Theorem I. Let .I' E S and x E [a, hJ. Then by Lemma I

sup 1!(x)-s(x)1 = I{sup!(x)+ infj(x)}/2-s(x)1
lEI- IEF IEF

+ sup f(x) ~ infl(xl}/2.
IEF lEI-

Now, we take the supremum of both sides of (4) over [a, h]:

sup Ilf-sil = 111(sup!+ inf/)/2-sl + (supf- inf/)/211.
lEI- IEF IEF IEF IFI-

(4)

Then by taking the infimum over S we obtain (I). This completes the
proof.

If!1 andf~ are any two real valued functions on [a, bJ then Vx E [a, hJ
SUPi~ 1.2 nx) + infi~ 1.2 nxl = II(x) + I2(x) and SUP,~ 1,2 I(x) - inC~ 1.2

[,(x) = I{II (x) -f~(x)}/21. Therefore, we obtain the following result, which
had been proven in [2J, as a special case of Theorem J:

inf max{ 11/1 ~sll, Ilf~ -.I'll}
S EO .'••;

= inf 111(f1 +f~)/2 - ,II + (f1 - f~)/211·
\E s'

(5 )



SIMULTANEOUS APPROXIMAnON

THEOREM 2. If s* is a hest simultaneous approximation to F, then

sup 111- .1'* II = max {ilsup1- s* II, Ii inf 1- .1'* II l·
IFF IfF IFF

131

(6)

That is, .1'* is a hest simultaneous approximation to F it and only it it is a hest
simultaneous approximation to SUPt c FI and infl E /- f

Proof Substituting II = sUPldi andf~ = inflc FI in (5) we get

max{ Iisup 1- .1'*11, II inf 1- s* II}
Ie F IF F

= 111(sup I + inf f)/2 - .1'*1 + (sup I - infll/211·
leI- IFF IEF lEI'

Together with (1) we obtain (6).
Next we consider simultaneous approximation problem in L I norm.

Now, let F be a set of uniformly bounded integrable functions on [a, h]
and S be a non-empty set of integrable functions on [a, h]. Then s* E S is
said to be a hest simultaneous approximation to Fin L 1 norm if

I'h (On

inf j sup II(x)-s(x)1 dx= I sup II(x)-s*(x)1 dx.
\-E.\' a IE} va .lEF

By integrating (4) we obtain the following theorem.

THEOREM 3. If s* E S is a hest simultaneous approximation to F in L 1

norm then

rh

J sup II(x) - s*(x)1 dx
{J / E::' F

~h ~h

= I l(supI+ inff)/2-s*(x)1 dx+ I (supf- infll/2dx. (7)
"a IEI' IF/· "II IFf IEl

When we consider only two functionsf, andf~ it is shown in [3] that s*
is a best simultaneous approximation to II and 12 in LI norm if

rhI max{lf,(x)-s*(x)l, If~(x)-s*(x)l)dx
'"

.h rh

=j 1(f,+f~)/2-s*ldx+1 1(f,-f~)/2Idx. (8)
(/ "'(1

Here, we see that this result is a special case of Theorem 3.
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THEOREM 4. s* is a hest simultaneous approximation to F in L I norm if
and only if

,;,

I sUPlf(x)-s*(x)1 dx
"II f c F

-I,

= I max{lsuPf(x)-s*(x)I,linff(x)-s*(x)lldx.
~.(/ IeI' !E-:1'

(9)

That is. simultaneous approximation to F in L I norm is equivalent to the
simultaneous approximation of the tIro functions SUPt" F f and inftElf in L I

norm.

Proof: We substitute fl=sup/c1f and f~=inftfc,f In (8). Then
together with (7) we obtain (9).
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