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Let F be a set of uniformly bounded, real valued functions on [a, ] and
S a non-empty family of real valued functions on [a, b]. If there exists an
s* e S such that

inf sup ||/ —sll =sup |/ —s*[,
feF

seS fe¥

then s* is called a best simultaneous approximation to F. This definition
was given by Diaz and McLaughlin [1]. They proved that best
simultaneous approximation of F is equivalent to best simultaneous
approximation of the two functions F* and I~ where

Fr=inf sup  supf(»)

§>00<|x—v|<d feF

and

F~ =sup inf inf f{y).

3>00<|x -1y <d feF

In this note, using a different approach, we show that best simultaneous
approximation to F is equivalent to best simultaneous approximation of
the two functions sup,., f and inf,_, /. The same result is also obtained
for simultaneous approximation of F in the L, norm.

THeEOREM 1. [If s*€ S is a best approximation to F then

sup |l f —s*| = [ |(sup f + inf f)/2—s*| + (sup f~ inf f)/2]. (H
fekF JeF fet fefF

feF

We first prove the following Lemma.
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LEMMA 1. Let A be a bounded set of real numbers and r be any real
number. Then

sup Ja—r|={a+B)2—r|+(x—f)2 (2)

ue A

where x=sup,. , « and f=inf,. , a.

Proof. 1t is sufficient to prove that

sup |a| = (o + B)/2] + (o — f)/2. (3)

ae A

In fact, (2) follows by considering 4 — r instead of A.

Case 1. If x+f>0 then x> —f= ~inf,_,a=sup,. ,(—a). Hence
Sup,. 4 lal =sup,. . a=a. It is clear that in this case the right-hand side of
(3) also equals z.

Case 2. If a4+ <0 then x< —fi= —inf,_ ,a=sup,_, (—a). Hence
sup,. 4 la| =sup,. 4 (—a)= —pf. In this case the right side of (3) alsoequals
—f. Hence (3) holds.

Proof of Theorem 1. Let se S and x€ [a, b]. Then by Lemma 1

sup | f(x)—s(x)| = [{sup f(x)+ inf f(x)}/2—s(x)|

tekl rer reF
+sup f(x)— inf f(x)}/2. (4)
fet el

Now, we take the supremum of both sides of (4) over [a, b]:

sup [[f = sl = IH(sup / + inf /)/2 ~s| + (sup / — inl /)/2].
reF

ret fer fel fer

Then by taking the infimum over S we obtain (1). This completes the
proof.

If £, and f, are any two real valued functions on [a, b] then Vxe[a, b]
sup;_ o fi{x)+inf,_ , fi(x)=fi(x)+ fo(x) and sup,_,, fdx)—inf;_,;
Sfilxy=1{fi(x)— f>(x)}/2|. Therefore, we obtain the following result, which
had been proven in [2], as a special case of Theorem 1I;

inf max |/, sl |/ = s/}

=LA+ )2 = sl + (= )20 (5)
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THEOREM 2. [f s* is a best simultaneous approximation to F, then

sup | f— s*[ = max{|sup /' —s*|, | inf f —s*|]. (6)
felr fel fel’

That is, s* is a best simultaneous approximation to F if and only if it is a best
simultaneous approximation to sup;. . [ and inf,_, f.

Proof. Substituting f, =sup,_, fand f,=inf,_, fin (5) we get

max{[|sup / —s*[l, | inf f—s*[}}
fel tet

= | |(sup f + inf /)/2 —s*| + (sup f — inf £)/2].

fek Jel fel ek

Together with (1) we obtain (6).

Next we consider simultaneous approximation problem in L, norm.
Now, let F be a set of uniformly bounded integrable functions on [a, 5]
and S be a non-empty set of integrable functions on [a, b]. Then s*e S is
said to be a best simultaneous approximation to F in L, norm if

~

inf Jﬁb sup | f(x)—s(x)| dx= " sup | f(x)—s*(x)| dx.

seSYu tek Yu f€F

By integrating (4) we obtain the following theorem.

THEOREM 3. [If s*e€ S is a best simultaneous approximation to F in L,
norm then

[ sup /)~ 7)) dx

a ekl
b h

= | [(sup /+ inf £)/2 = s*(x)l dx + Q (sup / — inf /)72 d. (7)

Yu telk Jel vYa Jel et

When we consider only two functions /| and f, it is shown in [3] that s*
is a best simultaneous approximation to f, and f5 in L, norm if

rh

max{ [ f,(x) = s*(x)], | fa(x) = s*(x)] | dx

va

" rh
=2 s# e [ )21 (®)

a

Here, we see that this result is a special case of Theorem 3.
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THEOREM 4. s* is a best simultaneous approximation to F in L, norm if
and only if

~h
' sup | f(x)—s*(x)| dx
Yu fcF
b
= ’ max { [sup f(x)—s*(x)], [inf f(x)—s*(x)|} dx. (9)
Ca el fel

That is, simultaneous approximation to F in L, norm is equivalent to the
simultaneous approximation of the two functions sup, . fand inf,_, fin L,
noFM.

Proof. We substitute f, =sup,.,f and f,=inf,_,f in (8). Then
together with (7) we obtain (9).
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